Abstract. Let R be a commutative ring and C a semidualizing R-module. In this article, we introduce and investigate the notion of DC -projective complexes. We first prove that a complex X is DC -projective if and only if each degree of X is a DC -projective module and Hom(X, H) is exact for any C-flat complex H. As immediate consequences of this result, some properties of DC -projective complexes are given. Secondly, we investigate a kind of stability of DC -projective complexes by showing that an iteration of the procedure used to define the DC -projective complexes yields exactly the DC -projective complexes. Finally, We introduce and characterize the notion of DC -projective dimension of complexes.
Introduction and Preliminaries
In recent years, Gorenstein homological algebra has been developed to an advanced level, see for example [2, 3, 10, 16] and literatures list in them. It's main idea is to replace projective (resp. injective, flat) modules by Gorenstein projective (resp. Gorenstein injective, Gorenstein flat) modules. These modules were introduced by Enochs et al. [9, 11] as generalizations and dauls of finitely generated modules of G-dimension zero over a two-sided Noetherian ring in the sense of Auslander and Bridger [1] . At the same time, These concepts have been extended in several directions. One of generalizations is Gorenstein modules with respect to a semidualizing module. As a generalization of dualizing modules and free modules of rank 1, Foxby [12] , Golod [15] and Vasconcelos [20] independently initiated the study of semidualizing modules (under different names) over a commutative Noetherian ring. In Motivated by the above works, in this paper, we introduce and investigate Ding projective (resp. injective) complexes with respect to a semidulaizing module. We only deal with Ding projective complexes with respect to a semidulaizing module, Ding injective version can be given dually.
Next we shall recall some notions and definitions which we need in the later sections. In order to make things less technical, throughout this article, by a ring R, we always mean a commutative ring with identity, all modules are unitary R-modules. We use Ch(R) to denote the category of complexes of R-modules.
will be denoted by (X, δ) or simply X. The nth cycle (resp. boundary, homology) of X is denoted by Z n (X) (resp. B n (X), H n (X)). Given an R-module M , we will denote by M the complex
with M in the 1 and 0th degrees. Given an X ∈ Ch(R) and an integer m, X[m] denotes the complex such that X[m] n = X n−m and whose boundary operators are (−1) m δ n−m . Given X, Y ∈ Ch(R), We use Hom(X, Y ) to present the group of all morphisms from X to Y , and Ext i (X, Y ) denote the right-derived functors of Hom. We let Hom(X, Y ) denote the complex with
and with differential given by
An R-module C is called semidualizing if (1) C admits a degreewise finite projective resolution.
(2) the natural homothety map χ
From now on, C is a fixed semidualizing R-module.
1.3 (see [21, 18] ) The classes of C-projective and C-flat modules are defined as
When C = R, we omit the subscript and recover the classes of projective and flat R-modules. 
. By the Factor Lemma, there exists a
Continue this process, we can get
is exact, and so Ext 1 (X, H)=0.
Let λ be an ordinal number, (X α ) α<λ a family subcomplexes of a complex X. Recall that the family (X α ) α<λ is a continuous chain of subcomplexes [8, Definition 2.8] if X α ⊆ X β whenever α ≤ β < λ and if X β = α<β X α whenever β < λ is a limit ordinal.
Proof. Assume that
is an exact complex and each
Corollary 2.6. If X ∈ P C (R), then Hom(X, H) is exact for any H ∈ F C (R).
Proof. Since X ∈ P C (R), X is an exact complex, and each Thus Hom(X, H) is exact for any H ∈ F C (R) by Lemma 2.3.
Then we have the following exact sequence
By the Factor Lemma, there exists an epimorphism µ : Coker α / / N such that the following diagram commutes i ∈ D C P(R) for all i ∈ Z and Hom(X, H) is exact for any H ∈ F C (R).
Then there exists a Hom(−, F C (R))-exact exact sequence of complexes
Then α = (α i ) : X / / Q −1 is a morphism between the following two complexes
So we get an exact sequence of complexes
where 
Note that K −1 has the same properties as X, we may use the same procedure to construct a Hom(−, F C (R))-exact exact sequence of complexes
with each Q i ∈ P C (R) for any i ∈ Z. Take a projective resolution of X 
is exact since both Hom(X, H) and Hom(P 0 , H) are all exact. Continue this process one can prove that ( ‡) is Hom(−, F C (R))-exact. Now, assembling the sequence ( †) and ( ‡) together, we get a Hom(−, F C (R))-exact exact sequence of complexes
with all P i ∈ P(R) and all Q i ∈ P C (R) such that X ∼ = Im( P 0 / / Q −1 ). Therefore, X is a D C -projective complex. Let A be an Abelian category. According to [16] , a class X of objects of A is said to be projectively resolving if all projective objects of A are contained in X and for every short exact sequence 0
then X ∈ X if and only if X ′ ∈ X . (
Proof. 
. It suffices to show that Ext 1 (Z i , F ) = 0 for any F ∈ F C (R) by [25, Corollary 1.15] . 
with all P i ∈ P(R) and all
Proof. The next two Lemmas play a crucial role in the rest of our discussion. Lemma 2.14. Let
be an exact sequence in Ch(R) with
We have the following exact sequences
with Q ∈ P C (R), P ∈ P(R) and G, W D C -projective.
(2) If the sequence (2.1) is Hom(−, F C (R))-exact, then so are (2.2) and (2.3) .
with Q ∈ P C (R) and G −1 D C -projective by the definition of D C -projective complexes and Corollary 2.13. Then we have the following pushout diagram
Consider the following pushout diagram
Connecting the middle rows in the above two diagrams, we get the exact sequence 
